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How Portfolio Construction Impacts the Reliability of

Outcomes

by
Jack Vogel, Ph.D.

ABSTRACT
We identify the relationships between the number of stocks in a factor portfolio and the
long-term probability of beating the market ("reliability"). We use a simple model that
assumes investment growth is lognormally distributed. The inputs to this model are the
following: mean, standard deviation, and correlations. Using historical estimates for the
inputs, the model finds that the reliability of value and momentum portfolios is similar
across concentrated and diversified constructs. The model also finds that concentrated
value and momentum portfolios reliably outperform their diversified counterparts over
longer time horizons. This result stems from the fact that concentrated value and
momentum portfolios have higher historical mean returns than more diversified value

and momentum portfolios.

1. Introduction

We are proponents of focused (i.e., 50 stock) long-only value and momentum factor
strategies.! There are also plenty of incredibly talented systematic investing shops that
build highly diversified factor portfolios with 500+ stocks. We take no stance on the "best"
approach because there is no "best" approach: the reality is that each approach has costs
and benefits. Our belief is that concentrated value and momentum factor portfolios 2 can
deliver higher expected returns relative to diluted factor portfolios because these
portfolios are more concentrated in the characteristic that drives risk/return (ie. low p/e

stocks or recent winners). And because these concentrated constructs deliver more
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factor exposure, they also deliver more factor risk. So if an investor has a 10yr+ investment
objective and a capacity to bear the risk (and tracking error!), we believe our strategies

are a good fit, but they are not for everyone. In short, we do not believe in free lunches.

Nonetheless, every so often a reader will show us the research paper, "Ho

Diversification Impacts the Reliability of Outcomes." Readers who glance through this

paper, without understanding the model deployed and/or the underlying inputs, typically
walk away with this message: by simply adding more stocks to one's factor portfolios,
one can more "reliability" beat the market. Honestly, it sounds like the holy grail of

investing.

But then, let's think for a moment--if one really believes that a "factor" works (and we know
it did historically), why would taking a "smaller" bet on the factor increase the probability

of beating the market? 3
To answer that question, we wrote this article.

In this study, we use the exact same model from the paper. The only difference is that we
use historical empirical estimates for all the inputs of the model for various factor
portfolios. The model suggests that when using historical empirical estimates for all the
inputs, simply adding more stocks does not substantially increase the probability of
beating the market for Value and Momentum. In addition, in a comparison of factor

portfolios with varying Ns, the model suggests that concentrated factor (Value and

Momentum) portfolios reliably outperform more diversified factor portfolios.

2. How Does Diversification Impact the Reliability of Outcomes?

Wei Dai Ph.D. presents a very interesting paper called, "How Diversification Impacts the

Reliability of Outcomes." This paper's finding is that diluted factor portfolios can more
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reliably beat the market relative to concentrated factor portfolios, under the assumption
that all portfolios have similar average returns. The model presented is powerful and

allows researchers to address numerous questions related to factors. 4

Below, we expand upon Wei Dai's research and examine four specific research questions

using the model presented in Dr. Dai's paper:

1. We first explore the model used in the paper so readers understand how it works
and the assumptions required.

o We use the model to explore the small-cap effectand examine the

performance of small-cap stocks (Russell 2000 Index) relative to the
"market" (Russell 1000 Index).

o We input historical returns, volatility, and correlations into the model.

o The model suggests that one should NOT expect smaller stocks to beat the
market. The probability is around 50/50--pretty much a coin flip.

2. Second, with some knowledge of how the model works, we examine how to use
the model to determine the "reliability” of a portfolio's ability to "beat the market."
Importantly-we assume expected returns are the same across all portfolios—-since
the exposure to the size, value, and profitability premiums are the same for all
portfolios. This is in contrast to what we did in the first test, where we inputted
historical estimates for returns, volatilities, and correlations.

o Under the 'equal returns' assumption, the model suggests that simply
adding more and more stocks to a portfolio increases the reliability of
outperformance. °

o The intuition is simple: holding average returns constant, increasing (1)
volatility and (2) tracking error will create more dispersion in outcomes.

3. Third, we explore specific factor portfolios that are commonly used: value,

momentum, and low beta. However, we DO NOT assume that all portfolios have
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the same average returns. Instead, we use historical estimates for returns,
volatility, and correlations. Using historical estimates is important because
estimates of factor portfolio returns are strongly related to construction and the
factor itself.

o The model suggests that more diversified (1) Value and (2) Momentum
portfolios are NOT able to substantially increase the probability of beating
the market (i.e. are not more reliable) compared to more concentrated
Value and Momentum portfolios. This result is in direct contrast to the
paper's original findings.

o The results for low beta portfolios are different. More diversified portfolios
increase the probability of beating the market, which is similar to the
original message in the Dai paper. Why is that the case? Low beta portfolios,
regardless of construction, generate similar average returns, so relying on
the assumption that returns are equal across portfolio constructs
approximates reality.

o Bottom line: statements about reliability are highly contingent on the factor
under investigation and expected return assumptions.

4. Last, we explore the reliability of concentrated portfolios beating diversified

portfolios in the context of value and momentum strategies.

o Here, we invert the question-what is the chance that a 200-stock
Value/Momentum portfolio beats a 50-stock Value/Momentum portfolio?

o The model suggests that concentrated factor portfolios more
reliably beat diversified factor portfolios.

o We also highlight some additional reasons for concentration in the Value

and Momentum factors.

Let's dig into the details.
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Below we dig into the four research questions above in more detail.

3. The Portfolio Reliability Model

The model used to estimate the probability of outperforming the market in the paper,
“How Diversification Impacts the Reliability of Outcomes” by Wei Dai, PhD. is found in the

appendix of the paper. We have copied the exact model in this reference below. ©

No model is perfect, but this model is simple and efficient--with a few parameters (and
assuming the growth of wealth is log-normally distributed), we can estimate the
probability of one strategy outperforming another strategy over a given course of time

(which we can vary).
So what does "reliability” really mean? It is the output

Reliability is defined as the probability that the growth of investment A (i.e., 50 stock value
portfolio) is greater than the growth of wealth of investment B (i.e., the "market”) over a
given time period.

In other words, "reliability” is the output (probability) of the model.
What are the variables one needs to generate the probability of outperformance?
We need to generate three summary statistics for the model:

1. The average monthly return (the arithmetic mean) on the assets under comparison
2. The monthly standard deviation of the comparison assets

3. The correlation between the comparison assets

So how does the model work?
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Well, simply put, we are using the model to compare the ratio of the growth of wealth

between two return series.

We need three inputs, and these inputs are very important to the outcome.

Let's go through each of them and discuss the impact that they have on the results:

1.

Mean: The model will examine the difference between the means of the two
portfolios you are comparing. So if the means are exactly the same, the model
should generate a probability near 50% (i.e. a coin toss). If we increase the
differences between the two means, holding everything else the same,
we increase the probability. If we decrease the differences between the two
means, holding everything else the same, we decrease the probability.

Standard deviation: If we increase the standard deviation, holding everything else

the same, we decrease the probability. If we decrease the standard deviation,
holding everything else the same, we increase the probability.

Correlation: If we increase the correlation, holding everything else the same,
we increase the probability. If we decrease the standard deviation, holding

everything else the same, we decrease the probability.

Simply put, each of the three inputsinto the model will affect the probability of

outperformance, or the reliability of the outcomes.

To state otherwise is to ignore math.

All of the inputs matter.
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Now that we have a baseline understanding of how the model works, let's take a simple
example—What is the probability that small-cap stocks (the Russell 2,000) beat large-cap
stocks (the Russell 1,000)?

Below we share the summary statistics using index return data from 1/1/1979 through

2/28/2021:

Monthly Mean (Arithmetic Monthly
Avg.) Volatility
Russell 1000
1.06% 4.41%
(R1K)
Russell 2000
1.10% 5.70%
(R2K)

Source: Author's Calculations. The results are hypothetical results and are NOT an indicator of future
results and do NOT represent returns that any investor actually attained. Indexes are unmanaged and do

not reflect management or trading fees, and one cannot invest directly in an index.

The correlation between R1K and R2K is 0.865804.

So what happens when we put this into the model? What is the probability that small-cap

beat large-cap stocks?

We show the results below using the model.
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Probability of Outperforming R1K

49.50%

49.01%

49.00%

48.50%

48.00%

47.78%

47.50%

47.00%

46.86%

46.50%

46.00%

45.50% -
1Year S Years 10 Years

Source: Author's Calculations. The results are hypothetical results and are NOT an indicator of future
results and do NOT represent returns that any investor actually attained. Indexes are unmanaged and do

not reflect management or trading fees, and one cannot invest directly in an index.

As we see, the probability at the 1-year, 5-year, and 10-year time horizon is near, but
slightly below, 50%. In other words, the model would predict close to a toss-up: small-
caps don't reliably beat large-caps. If anything, there is a small chance of small-caps

underperforming large caps over longer horizons.

The result is intuitive given that the historical average monthly returns are very similar,
but the volatility is slightly higher for small caps. All else equal, if we have similar returns

but more volatility, we would expect a wider dispersion of outcomes for the more volatile
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asset class (e.g., small-cap stocks) relative to the lower volatility asset (e.g., large-cap
stocks). The results above are based on a simple model that uses inputs based on the
historical data for the R2K and R1K.

Of course, investors often add a value tilt to their small-cap bet in hopes of improving the
average returns. ’ If the model under analysis is well-specified, we would expect that the
story might change because tilting towards value stocks within small-caps has
historically increased the mean return. We investigate how different mean returns affect

the model's predictions in Section 3.

So now that we have an idea of how the model works, let's dig into some of the details
while varying the number of stocks.

4. What Happens if We Vary the Number of Stocks?

Now we focus on using the model, but we vary the number of stocks in the portfolio. The
paper finds that simply adding more stocks increased the ex-ante probability of beating

the market--a great outcome, if true!

But how is that result achieved? We replicate the results from the original paper below to

answer this question.

From July 1979 through June 2016, the mean (average monthly return) is 1.01% for the
market and 1.07% for the Value portfolio (Dimensional US Adjusted Large Cap Equity

Index) with a correlation of 0.997--these are the summary statistics from the paper.

From this index, the paper uses simulations while varying the number of stocks, to

generate the monthly statistics for portfolios of different sizes.
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Exhibit 4 highlights the volatility and tracking error of concentrated and diversified

portfolios.

Exhibit 4: Average Monthly Volatility and Tracking Error of Simulated US Large Cap
Portfolios with Different Diversification Levels

Monthly Volatility Monthly Tracking Error

50%  456% 246% 248% 2439% 15%
4.0% 115%

1.0%
30%

0.61%

20% 0.46%

0.5% 0.37%
10%
0.0% 00%

50 mames 200 names 500 names Ad]. Index 50 names 200 names 300 names &dj. Index
1,000 names 1,000 names

The simulated portfolios with different diversification levels are formed by bootstrapping stacks from the large cap universe from July
1979 to June 2016—the greater the number of draws, the more diversified the resulting portfolios are in terms of the average number
of unique names. The diversification levels shown, 50, 200, and 500 names on average, correspond to 56, 294, and 1,161 draws,
respectively. All simulated portfolios maintain the same tilts toward the size, value and profitability premiums as the Dimensional US
Adjusted Large Cap Equity Index. The projections or other information generated by bootstrapped samples regarding the likelihood of
various investment outcomes are hypothetical in nature, do not reflect actual investment results, and are not guarantees of future
results. Results will vary with each use and over time. Please see Appendix for more information regarding assumptions and
methodology and a description of the Dimensional index shown. Frank Russell Company is the source and owner of the trademarks,
service marks, and copyrights related to the Russell Indexes.

Source Paper: "How Diversification Impacts the Reliability of Outcomes" by Wei Dai, PhD.

As we would expect, portfolios with fewer stocks have the following characteristics:

o Aslightly higher monthly volatility

« More tracking error

But what about the expected returns to these different portfolios? Unfortunately, there is
not a transparent discussion on this point within the paper. But there are some clues. In
the paper, the author highlights that the portfolios are designed to maintain similar

exposure to the size, value, and profitability premiums. The mean monthly returns to these
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portfolios are never specified explicitly in the paper, but it is reasonable to assume that
because the characteristics are matched across portfolios, the mean returns will be
similar. 8 For replication purposes, we will assume the expected returns are the exact

same.
Here are the inputs used in our replication:

1. The average return is assumed to be the same for the 50-stock, 200-stock, 500-
stock, and 1,000 stock portfolios. We use the Dimensional US Adjusted Large Cap
Equity Index mean of 1.07%. For the Russell 1,000 index, we use 1.01%, which is
referenced in the paper.

2. Exhibit 4 (above) of the paper gives the monthly volatility for each portfolio, which
we input into the model.

3. We use the following estimated correlations:

o 50-stock portfolio = 0.9670

o 200-stock portfolio = 0.9900
o 500-stock portfolio = 0.9945
o 1000-stock portfolio = 0.9963

It should be noted that the correlations are estimated from index data and are not given

in the paper (the paper only gives the tracking error).
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We generate the following probabilities of outperformance using the model:

Probability of Outperforming the R1K

120%

100% 96%
92%
89%
84% 84%
80% 76%
71% 69%
67%
62% e

60% 56%
40%
20%

0%

1Year 5 Years 10 Years

m50Names ®200Names ®500Names = 1000 Names

Source: Author's Calculations. The results are hypothetical results and are NOT an indicator of future
results and do NOT represent returns that any investor actually attained. Indexes are unmanaged and do

not reflect management or trading fees, and one cannot invest directly in an index.

Our replication results almost perfectly match those presented in the paper.

The takeaway is exactly the same as is found in the paper: simply adding more stocks to

a portfolio increases the probability of beating the market.
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But why?
Well, it's simply math.

Given a lognormal distribution--if we assume the mean is similar across portfolios--but we
either (1) increase the volatility or (2) decrease the correlation across portfolios, by

design, we lower the probability of outperforming, all else equal.
As we saw above:

1. Fewer stocks in the portfolio have higher volatilities. Thus, by definition, they will
have a lower probability of beating the market if we keep the mean the same.

2. Fewer stocks in the portfolio have a larger tracking error, so they have lower
correlations. Thus, by definition, they will have a lower probability of beating the

market if we keep the mean the same.

So the results are not surprising once one digs into the model and has a basic

understanding of statistics.

However, here is the most important point. All of this analysis hinges on a VERY

important assumption--the mean returns across portfolios are held constant.

But what happens if the mean return varies with the number of stocks? For example,
should we assume a 50-stock Value portfolio had the same historical mean as a 950-

stock Value portfolio?
Of course not. °

If one believes that characteristics and/or factors drive expected returns (i.e. you believe

Value is a factor), one can’t simultaneously believe that more concentrated factor
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portfolios have lower expected returns than diluted factor portfolios. Intuitively, a
portfolio of the cheapest 50 stocks will mechanically be more exposed to ‘value’ than a

portfolio of the cheapest 950 stocks.

We can examine this in granular detail for different portfolios and for different investment

factors.

5. What if Portfolio Means Are Allowed to Vary?

We have previously examined the impact that porifolio construction has on Value

portfolios and the impact that portfolio construction has on Momentum portfolios. The

evidence is pretty clear and the intuition is obvious: historically, more concentrated Value
and Momentum portfolios delivered higher expected returns, as well as (1) higher
volatility and (2) higher tracking error. Once again highlighting, there are pros and cons to

such approaches.
Nonetheless, we ask the question again:

What is the historical performance of value, momentum, and low beta for different portfolio

sSizes?

Factor 1: Value

To test the Value factor, we generate the universe of the 1,000 largest firms from
7/1/1971 through 12/31/2020. Every month, the 1,000 largest firms are chosen.
Financials are excluded for this factor 1% as we are using EBIT/TEV as our Value factor
and operating income for a financial company is different than for a non-financial

company. '

Every month, we simply pick the top N hames on Value.
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We allow the number of stocks (N) to vary from a 15 stock portfolio up to the top 950
stocks on Value-—in other words, the 950-stock portfolio picks all but the 50 most

expensive stocks on EBIT/TEV.

We also allow the rebalance frequency to vary. It can range from 1 month to 12 months.
For portfolios held over 1 month, overlapping portfolios are formed (referred to as

‘traunching’ by practitioners).
The portfolios are then either equal-weighted or market-cap weighted.

So what happens to the mean as we allow the (1) number of stocks to vary and (2) the

rebalance frequency to vary?
All results shown below are gross of any fees or transaction costs.
The results from 7/1/1971 through 12/31/2020 are shown below.

Market-cap weighted CAGR

15 30 50 100 150 200 250 300 500 750 SO0 S50 Universe

1 13.74% 1469 1242% 14.10% 13.73% 10.95%

2 13.20%| 14.65% 1a67% 1398% 13.66% 13.449% 10.95%

3 13.20% 14.39% 1a54% 13.75%  13.36%  13.25% 10.55%

4  127E%W  13.B6% 14.57% 1435 135EM 13.31% 13.16% 10.95%

5 12E7H 1369 M66% 14.2% 1401%  1338%  13.22% 13.08% 10.95%

5 1267% 13.60 3% 13.9%  13.65%  1323%  13.11% 13.00% 10.95%

7 1265%  13.50% Dok 13.7% 13.40% 13.12%  13.09%  120BWM 12.31% 10.95%

E 127EW 13.89% B.E2% 13.55% 13.23%  13.068%W  13.04% 1287% 12.33% 10.25%

s 12E0WM  13.77% #B67™ 13.50% 1320 1305% 13.00%  120W 1234% 10.95%

10 1275% 13.67% #B.e5% 13.47% 13.23% 13.08%  13.03% 13.058%  12.37% 10.95%
11 1zE8%  13.70K B.73% 13.5% 13.21% 13.10%  13.06%  13.13%  12.41% 10.95%
12 1z282% 13.74% BT  13.55% 13.24%  13.13%  13.100%  13.5% 12.47% 10.55%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Equal-weighted CAGR

is 30 50 LoD 150 200 250 300 500 750 SO0 S50 Universe
1 146B% 15| 540%  1520% 1S4 1530% 1401% 168k 1370 10.05%
2 1443% 14B%% 15.02% 2 145%  1503% 1483%  14.72% 1446%  13.657H% 10.95%
3 14.22% 1463 .99 14.85%  14.83% 1472%  14.55% 1435% 13.84% 10.95%
4 1a05% 14200 METH  14R%  1468% 1452%  14.45%  1430% 13.64% 10.95%
5 1381% 13.79% 14.42% 14.48% 14.49% 1445%  14.40% 14323%  13.60% 10.95%
5  13.75%  13.54% 1Mz24%  14.32%  1431%  1439%  14.31% 1415% 13.62% 10.95%
7  13.6BW 13.54% 1M.13%  14.22% 14.20%  142%%  14.26%  1408% 13.63% 10.55%
E  13ETH 13.67% M.13%  1420% 1417TH  1426%  14.23% 1407% 13.65% 10.95%
5 1a03% 13.76% 1A.12%  14.19%  14.14%  1423%  14.20% 1405% 13.66% 10.95%
10 13.92% 13.E5% 1% 14AH%  14.13%  1429%  14.19%  1a05% 13.668% 10.95%
11 1413%  13.50H Mok 14.35%  14.12%  1422%  14.20%  1a07H 13.71% 10.55%
12 1421%  13.849% 14.23%  14.25% 14.12%  1423%  14.20% 1a0B%  13.73% 10.95%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As is evident in the image above, simply adding more and more stocks, for Value, does

not generate the same mean.

A 750-stock value portfolio has a mean that is lower than the mean for a 50-stock value

portfolio.

One also notes that in general, over the long-run, all the Value portfolios outperformed the

market. 12
So back to our model—we now know that the mean is not the same for all the portfolios.
What about the other inputs such as standard deviation and correlation?

The 50-stock, 3-month rebalanced equal-weighted portfolio correlates 0.8304 to the
market-cap-weighted universe portfolio with monthly volatility of 6.30%. Alternatively, the

950-stock, 3-month rebalanced equal-weighted portfolio correlates 0.9538 to the market-
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cap-weighted universe portfolio with monthly volatility of 5.18%. These values compare

to the universe monthly volatility of 4.49%.

So back to our model, we have three inputs that impact the probability of beating the
market—-in other words, how the portfolio construction impacts the reliability of

outcomes:

1. The mean—the higher the better.
2. The volatility—the lower the better.
3. The correlation—the higher the better.

Simply examining the 50-stock and 950-stock examples within the model, we have
competing inputs, whereby, in a competition between the two portfolios, the 50-stock
portfolio is helped by having a higher mean, but is hurt (relatively) by having (1) higher

volatility and (2) a lower correlation to the market portfolio it is trying to beat.

What happens if we put all the portfolios into the model—what is the probability of beating

the market?

Below are the probabilities to Value portfolios when the rebalance period is 3 months and
the portfolio is equal-weighted. The time period we assess the probability of beating the

market is either 12 months, 60 months, or 120 months, the same as above.
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Value Portfolios' Probability of Beating the Market
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As we see, the probabilities when going from 50 stocks to 750 stocks are about the same.

This is in direct conflict with the results in section 2 where we assumed means are the

same for different factor portfolios. '3

So what changed in our analysis that made the results so different from the original

paper?
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We used the historical average returns for each factor portfolio vs assuming they were

all the same.

Overall, we do not see a clear relationship between the number of stocks and the

probability of beating the market.
Next, we move on to Momentum.

Factor 2: Momentum

To test the Momentum factor, we generate a universe of the 1,000 largest firms from
7/1/1971 through 12/31/2020. Every month, the 1,000 largest firms are chosen.

Financials are included for this factor.

Similar to Value, every month, we simply pick the top N names on 12_2 Momentum—the

past 12-month’s total return excluding last month. We allow the number of stocks (N) to

vary from a 15 stock portfolio up to a 950 stock portfolio on Momentum.

We also allow the rebalance frequency to vary. It can range from 1 month to 12 months.

For portfolios held over 1 month, overlapping portfolios are formed.

The portfolios are then either equal-weighted or market-cap weighted. All results shown
below are gross of any fees or transaction costs. The results from 7/1/1971 through
12/31/2020 are shown below.
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Market-cap weighted CAGR

15 30 50 100 150 200 250 300 500 750 oS00 S50 Universe

1 1EE5% 17.25% 1655%  15.00% 10.54%

2 T.E3% 16.8% 1507% 1452% 10.54%

E Ir.a2%  15.88% 15.16W 1443% 10.54%

4 E60% 15.7%  14.7EHM 14.11% 10.54%

5 15.35% 14.05% 14.63% 13.85% 10.54%

5  1o65%  1T.EDM 15.52% 1455% 14.36% 13E1% 10.54%

7 1EE6TH 17.05% 5.67% 14.3%  14.19%  13657% 10.54%

E  17E4% 1629 15.35% 14.2% 140k 135a% 10.84%

%  1853% 15.35% nesk  13.57W  13.72% 13325% 10.54%

10 1s540%  14.70H% as0%  13.80% 13.40% 13.01% 10.54%
11 1455%  14.00H D% 13.22%  13.06% 1266% 10.54%
12 13.66W 13.40M 13.33% 12.62% 1270% 1234% 10.54%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Equal-weighted CAGR

15 30 50 100 150 200 2%0 300 500 750 200 550 Universe

1 17.09% 17.56% 1605% 1633% 1575%  14.62%  13.53% 1267 1265 10.84%

2 1765% 16.57% 1629% 1577% 1533% 14.41%  13.47% 1268%  1263%  10.84%

3 17.0% 1631% 1574% 15.20% 148E% 1471% 19.38% 1266  1260% 10.8%

4 1775% 1756K D30% 16M% 15.79% 1530% 14.95%  1463% 1257%  10.83%

5 1708% 17.27% D.05% 1606% 15.58%  15.06% 14.73%  1446% 10.8%

6 1664% 1679 16.48% 15.6% 15.23% 1478%  14.50%  14323% 10.88%

7 15E0% 16016 16.02% 1532% 14.0o%  1455%  14.28%  1406% 10.58%

B 1483% 15.20% 15.48% 1497% 1461% 1430% 14.07% 13.88% 10.8%

9 1999% 1447 4.85% 145% 1471% 1396% 13.78% 13.62% 10.88%

10/ 1320% 1360 19.28% 14.8% 13.51% 1363% 13.51%  1338% 10.88%
uH 13.57% 13.56% 13.42% 1327% 13.20%  13.10% 10.84%
12 DoTH  13.06% 15.04% 1203% 12.00% 1283% 10.88%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Similar to value, simply adding more and more stocks for Momentum portfolios, does not
generate the same mean. A 750-stock momentum portfolio has a mean that is lower than

the mean for a 50-stock momentum portfolio.
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What about the standard deviation and correlation inputs?

Not surprisingly, a 50-stock, 3-month rebalanced equal-weighted portfolio correlates
0.7876 to the market-cap-weighted universe portfolio with monthly volatility of 7.82%,
while a 950-stock, 3-month rebalanced market-cap-weighted portfolio correlates 0.9658
to the market-cap-weighted universe portfolio with monthly volatility of 4.99%. This

compares to the universe monthly volatility of 4.50%.

So simply examining the 50-stock and 950-stock examples within the model, we have
competing inputs, whereby, in a competition between the two portfolios, the 50-stock
portfolio is helped by having a higher mean, but is hurt (relatively) by having (1) higher

volatility and (2) a lower correlation to the market portfolio it is trying to beat.

What happens if we put all the portfolios into the model—what is the probability of beating

the market?

Below are the probabilities for Momentum portfolios when the rebalance period is 3
months, and the portfolio is equal-weighted. The time period we assess the probability of

beating the market is either 12 months, 60 months, or 120 months, the same as above.
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Momentum Portfolios' Probability of Beating the Market

Holding Period .Y
Sum of Value
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As we see, the probability of beating the market when going from 50 stocks to 750 stocks
is about the same—similar to Value. The results are similar for market-cap-weighted

portfolios.

Overall, and similar to Value, we do not see a pattern whereby simply adding more stocks
substantially and significantly increases the probability of beating the market when

examining Momentum portfolios.

Alpha Architect | 19 E. Eagle Rd. | Havertown, PA 19083 | T: 215.882.9983 | F: 216.245.3686 http:/AlphaArchitect.com



http://alphaarchitect.com/

alpha architect

Empower Investors Through Education | Affordable Alpha

Last, we move on to Low Beta.

6. Low Beta

To test the Beta factor '* we again generate a universe of the 1,000 largest firms from
7/1/1971 through 12/31/2020. Every month, the 1,000 largest firms are chosen.
Financials are included for this factor. Beta is measured using a one-year regression of

the daily stock returns against the market stock returns.

Every month, we simply pick the top N names on Low Beta. We allow the number of

stocks (N) to vary from a 15 stock portfolio to a 950 stock portfolio formed on Low Beta.

We also allow the rebalance frequency to vary. It can range from 1 month to 12 months.

For portfolios held over 1 month, overlapping portfolios are formed.

The portfolios are then either equal-weighted or market-cap weighted. All results shown
below are gross of any fees or transaction costs. The results from 7/1/1971 through
12/31/2020 are shown below.
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Market-cap weighted CAGR

15 30 50 LoD 150 200 250 300 500 750 oS00 S50 Universe

- 1o6ch [ VI0l0EW  10.43% 1048%  10SE%  1123%  1113%  1137%  1115%  1050%  1088%  10.8%
10.60% W37% 105% 1056% 1074% 1125% 1121% 1120% 1122% 10.90%  1095%  10.51%
1116% 10.77% 20.25% 10.57% 10.60% 1085%  1117%  1120%  1119% 1122%  10.69%  1085%  L0.81%
1065% 10.65% 0.20% 10.5% 10.65% 1086% 1116% 1122% 1125% 1125% 10.50%  1088%  10.84%
1030%  10.58% 10.52% 10.74% 1088% 1116% 1124% 1134% 1128% 10.50%  1085%  10.84%
1046%  10.59% 10.55% 1076% 1085% 1120% 1131% 1140% 1130% 1051%  1085%  10.81%

1053% 10.48%W 026% 210k 10B2% 1103% 1120%  1134%  11.45%  1132% 1081k 10eE%  10.E%
in5c%  1058% 2 W032% 107wk 10E5M 1110% 11.24% 1136%  1151%  1133% 10.91% 1ns7H  10.84%
1061% 10.49% I3EN 10.ER  10.B6M  1142%  1123%  1138%  1154%  1133%  10.81% 10e7H  10.EA%
1055% 1040 W033%  100E2% 10.B6M 110BWM  11.21%  1137%  1157%  1134% 108K ines%  10UEA%
104E% 10.36WM 033% 2 10.7E%  10B4%  1105%  11.19%  1135% 1158%  1134% 1081k losa%  10UE%
1052% 1035 D3a% 10w 1086%  110BWM  1117W 1135%  1158%  1133% 1000k 1053%  10.B%

EEE@WHO‘M&MNH

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Equal-weighted CAGR

15 30 50 10D 150 200 250 300 ] 750 900 950 Universe

1 o[ EEEE HER pmn 1zu% 1238% 1263% 12.43% 1226 10.8%
2 12.04% 12 18% 12 12% 12 45% 12 1% 1235% 12 4% 12 408 12 2% 10.84%
3 11 90% 12.31% 12.22% 12.52% 12.24% 12.41% 12 63% 12 419 12 2084 10.81%
4- 1217% D23% 12.47%  1279%  1243% 1264% 1247 1279% 10.8%
3 12.13% 12.29% 12.45% 12.32% 12.45% 12.65% 12.42% 12.29% 10.54%
] 12.04% 12 258 12 309 12 45% 12.35% 1253% 12 66% 12 45% 12 2094 10.84%
7 12 2% 12 308 12 43% 12.52% 12.43% 12.62% 12 6% 12 4% 12 2% 10.84%
B 12 45% 12 30% 12 45% 12.55% 12.47% 12 65% 12 66% 12 41% 12 26% 10.51%
9 12 33% 12.27% 12 45% 12 58% 12 50% 12 70% 12 66% 12 408 12 25% 10.54%
10 12 10% 12 17% 12 41% 12 55% 12 51% 12 70% 12 65% 12 38% 12 23% 10 E1%
11 12.01% 12 .05% 12 35% 12.52% 12 A% 12 70% 12 63% 12 35% 12 20% 10.84%
12 12 02% 12 108 12 A0% 12 53% 12 .40% 12.72% 12 62% 12.33% 12 1% 10.84%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Here, we notice something different than Value and Momentum—adding more stocks

does not necessarily hurt the returns!
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In contrast to value and momentum factor portfolios, the mean is very similar from 50

stocks through 950 stocks.
Why might this be?

Well, the low beta anomaly reflects the finding that firms with lower beta have higher

returns in the future than is expected by the CAPM, and higher beta stocks have lower

returns in the future than is predicted by the CAPM.

In other words, the future performance is about the same for all deciles of firms sorted

on Beta!
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This is shown in the image below looking at returns to the decile sorts on Beta.

Figure 2 -- Average Annualized Monthly Return vs Beta for
Value Weight Portfolios Formed on Prior Beta, 1928-2003
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Source Link: http://faculty.chicagobooth.edu/finance/papers/capm2004a.pdf

The image above highlights that when sorting firms into deciles on Beta, lower beta firms
have similar returns to higher beta firms. The CAPM model would predict a linear

relationship; hence, the Beta anomaly.

Thus, for the low beta factor, the mean is going to be very similar as we move from 50 to

950 stock portfolios.

Once again—what about the other inputs to our model?
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Not surprisingly, a 50-stock, 3-month rebalanced equal-weighted portfolio correlates
0.6562 to the market-cap-weighted universe portfolio with monthly volatility of 3.64%,
while a 950-stock, 3-month rebalanced equal-weighted portfolio correlates 0.9618 to the
market-cap-weighted universe portfolio with monthly volatility of 4.90%. This compares

to the universe monthly volatility of 4.50%.

So within our model to predict the probability of beating the market, the 50-stock portfolio
will be helped by having lower monthly volatility but will be hurt by having a lower
correlation. The 950-stock portfolio will be hurt by having higher monthly volatility but will
be helped by having a higher correlation.

However, different than Value and Momentum—the mean is almost the same!

What happens if we put all the portfolios into the model—what is the probability of beating

the market?

Below are the probabilities to low beta portfolios when the rebalance period is 3 months,
and the portfolio is equal-weighted. The time period we assess the probability of beating

the market is either 12 months, 60 months, or 120 months, the same as above.
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Low Beta Portfolios' Probability of Beating the Market

Holding Period .V
Sum of Value
09

0.8

0

0.
0.
0.
0.
0.
0.
0
12 60 120

Number of Stocks -
m15 m30 m50 m100 m150 m200 m250 m300 m500 m750 m900 m950

~

(=]

wn

K

w

%]

[

Time (months) .Y

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

In contrast to value and momentum, here we get a nice linear relationship—add more
stocks and you will significantly increase your chances of beating the market. At a 10-
year time horizon (120 months), the 50-stock portfolio has a 63% chance of beating the
market, while the 750 stock portfolio has an 83% chance. The results are similar for

market-cap-weighted portfolios.

Overall, the results for Low Beta are different than for Value and Momentum.
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This highlights that if one believes that by simply adding more stocks, the mean return to
the portfolio will not change, the model will predict a higher chance of beating the market.
For low beta, this seems like a reasonable conclusion. However, for Value and
Momentum, adding more and more stocks, at least historically, significantly changed the

mean return.

Before we move on, let’s turn back to the Value portfolios, with the probability of beating

the market re-shown below.

Value Portfolios' Probability of Beating the Market

Holding Period .Y
Sum of Value
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Some may view this image and ask—well if the ex-ante probability is the same/similar
using this model for a 50-stock portfolio, relative to a 250-stock portfolio, why wouldn’t

we just use the 250-stock portfolio?
We discuss this in the next section.

7. What Are the Potential Benefits of Concentration?

In the last section, we examined three factors—Value, Momentum, and Low Beta. The
Value and Momentum factors, where the historical mean varied greatly depending on the
number of stocks, did not have a simple significant relationship between portfolio
construction and the reliability of outcomes. If anything, the model suggests that
significantly diluting (900+ stocks) a value or momentum factor portfolio may decrease
your chances of beating the market over the long haul relative to more concentrated

portfolios.

However, it is also true that a super-concentrated value or momentum portfolio, with 50
stocks, didn't increase your odds of beating the market over the long haul versus a 250

stock portfolio.
So why then, do we prefer 50 stock portfolios versus 250 stock portfolios?

On one hand, there are clearly drawbacks of concentrated high active-share portfolios in

general: much higher tracking error, which raises short-run career risk concerns, and

generally higher volatility. But there is one potential benefit: higher expected returns.

Similar to most decisions in economics, there are no clear "right" answers, there are

simply costs and benefits to assess.
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Our objective with concentrated portfolios is to provide exposure to high return (and high
risk) portfolios that have a high probability of performing over long investment cycles (i.e.,
20+ years). One can use the model described above to do a horse race comparison of the
probability of a 50-stock factor portfolio beating a diluted factor portfolio (i.e., 250+
stocks). If our objective is long-term outperformance, ideally the model would highlight
that we increase our probabilities of winning by owning more concentrated factor
portfolios versus diluted portfolios (acknowledging, of course, that these portfolios come

with high tracking error and higher volatility).
The model helps us address the question:

What is the probability that a diluted 250-stock value/momentum portfolio beats a
concentrated 50 stock value/momentum portfolio?
The future is obviously unknown, but we will use the same historical data to generate the

model inputs/outputs.

One edit is needed—we need to assess the correlation of the various Value portfolios
against the 50-stock Value portfolio. The same goes for Momentum—we need to assess
the correlation of the various Momentum portfolios against the 50-stock momentum

portfolio.

In both models, we assume the rebalance frequency is 3 months and the portfolios are

equal-weighted.
First, let's examine Value.

Using the same model, we ask the question—what is the probability that each portfolio
(100, 250, 300, etc.) beats the 50-stock equal-weighted portfolio.
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The results are shown below.

Value Portfolios' Probability of Beating a 50-Stock Value Portfolio

Holding Period .Y
Sum of Value
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

The model finds that diluted factor portfolios have a much high probability
of underperforming a concentrated portfolio over longer and longer horizons. The more

stocks we add, the lower the probability of beating the 50-stock Value portfolio. 1°

We repeat the same process for Momentum and show the results below.
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Momentum Portfolios' Probability of Beating a 50-Stock Momentum Portfolio

Holding Period .V
Sum of Value
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Once again, the model suggests that adding more stocks decreases the probability of

beating the 50-stock portfolio.

One also notices that 15 and 30 stock portfolios slightly beat the 50-stock model, so in
theory, you may consider running really concentrated momentum portfolios. However,
we'd note that the probability is still near 50%-60% over 1-year, 5-year, and 10-year time
horizons, and we'd also point out that the risk/return profile on a 50-stock momentum

strategy is already pushing the limits of what most investors can handle.
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Thus, the main takeaway is the following—for Value and Momentum, the model suggests
that adding more stocks to a factor portfolio actually decreases the probability of beating
a 50-stock value or momentum factor portfolio. This result is entirely driven by the fact
that more concentrated factor portfolios have historically delivered more factor exposure,

and thus more expected returns (and risk).
The Global Portfolio Benefits of Concentration

Of course, there are other potential benefits associated with more concentrated value

and momentum factor portfolios.

Let's examine the historical mean return (gross) of various factor portfolios. Below is the
data for the CAGR (compounded annualized growth rate) while varying the portfolio N's,
keeping the rebalance frequency to 3-months, and equal-weighting the portfolios—while

this was shown above, we highlight the results below:

Momentum:

15 30 50 100 150 200 230 300 500 750 00 950/ Universe

3[EETe  1Ee  1m0s%  17.0%  1831%  1574%  15.2%%  14EE%  14.21%  1338% | 1a8ee | 12B0%  10.51%
The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Value:
15 30 50 100 150 200 250 300 500 750 Q00 950 Univers e
3 1427%  146% 14.86% 14.E3%  1472%  14.55%  1435%  13.64%  1277%  1a2me | 1206w 10.=%

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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More concentrated portfolios have historically delivered higher expected returns for
Value and Momentum. We believe this is due to the fact that these portfolios, by
construction, are more concentrated in the factor exposure. If one believes that factor
exposures proxy for various market risk/pain, we would expect this outcome historically,

and we would expect this in the future.

Second, we can examine the correlations. Below are the correlations against the market-

cap-weighted universe portfolio.

Momentum:

Comelation tothe market-cap-weighted Universe
15 30 50 100 150 200 2350 300 500 750 900 S50 Universe
3| 7isew  7sam:  TE7sw  ELE%  BATSR  BESIN  BE3TH  SOOD%  93.54%  SGITH  95.5%% 5655

The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Value:

Comelation to the market-cap-welghted Universe
15 30 50 1o 150 200 250 300 500 750 900 950 Universa
sJFEEE s15m: %  BASS%  BSSTH  BEOSS  BEEI%  B7IE%  EOAS%  O3JS% OS50 D53
The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As we see, by adding more stocks, we are generating a higher correlation to the market
portfolio. Going back to portfolio theory, even if the returns to the 50-stock and the 250-

stock portfolio were exactly the same (they are not), one may prefer a 50-stock factor
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portfolio because of the lower correlation to the existing portfolio (which is likely

concentrated in market beta).

Thus, more concentrated portfolios can actually enhance overall portfolio diversification.

Finally, we examine the active share of the factor portfolios. While not necessarily

indicative of future returns, active share highlights how different a portfolio is relative to

the market portfolio. '® Given the fact that market exposure is essentially free, one would
prefer (all else being equal) to pay higher fees for active management if the active

management is providing a different portfolio with unique benefits to the overall portfolio.

Below we show the active share to the portfolios relative to the market-cap-weighted

universe portfolio, as of 12/31/2020.

Momentum:

Active Sham redative Tothe market cap weighted Universe
150 200 50 300 00 730 S0 30

15 30 30 100
DS aeh ose sse ne onms s I SsedSse s
The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Value:

Active Sham relative tothe market cag-welghted Universe
200 50 300

15 30 =0 100 150 00 730 SO0 30
ISR S man oo s o s GsslSssE
The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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As we see above, and not surprisingly, portfolios with fewer stocks have a higher active

share.

Taken together, we prefer the benefits of more concentrated factor portfolios relative to

diluted factor portfolios.

Of course, concentrated factor portfolios are not a panacea. With more ‘pure’ factor
exposure comes the potential for more volatility and a higher chance of being very
different than the generic market-both the good and bad times. These elements of
concentration can cause behavioral issues for investors more focused on short-term

relative performance versus long-term overall portfolio performance.
8. Conclusion

We started this study by examining a model that predicts the probability of a portfolio
beating the market. Using this simple model, we found that small caps have a 50/50
chance to beat large caps. Next, we turned to variations of value portfolios and found
that if the mean is the same, simply adding more stocks does increase the probability of

beating the market.

However, we then asked the question—should we assume that factor portfolios have
similar means? Clearly, this was not the case for the value and momentum factors. After
relaxing this assumption, the model finds that the ex-ante probability of value and
momentum factor portfolios beating the market does not significantly increase by simply

adding more stocks to these portfolios.

Next, we looked at the potential benefits of concentrated factor portfolios. We test
various factor portfolios against the 50-stock, equal-weight, 3-month rebalance Value or

Momentum portfolios. The model suggests that adding more stocks decreases the
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probability of beating the 50-stock portfolio. Also, we highlight some additional benefits
of more concentrated models—lower correlation to the market portfolio, and thus the
potential for stronger diversification benefits for a global multi-asset portfolio. Of course,

one can also combine Value and Momentum in a portfolio!

We end with this note--the reality is that factor concentration comes with costs and

benefits.

More concentrated portfolios deliver more impactful doses of the factor--both the good
and the bad--whereas more diluted factor portfolios deliver a more market-like return.
This statement is intuitive to most, but not for everyone. We hope this piece helps clarify

the topic.
9. Appendix: Analysis Using Ken French Data:

We try to be as open and transparent as possible, and to the best of our abilities, highlight
the pros and cons of any approach. In order to facilitate this goal, we will share the
underlying file to allow interested readers to generate the images in sections 1 and 2, so
readers may verify our results for themselves and check the formulas. Please fill out the

form at the end of this section if you are interested in receiving the excel file.

Additionally, in sections 3 and 4, we use time-series return data that we have generated
internally. While we trust the numbers, we also wanted to run the analysis using another

third-party data resource that is publicly available. So we chose Ken French's Data

Library to examine Value (formed on P/E) and Momentum portfolios. We wanted to see

if we generated the same results. These calculations are also in the excel file.

Ken French Data Used:
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1. The Market Return
2. The Value Portfolios, formed on P/E

3. The Momentum Portfolios, formed on 12_2 Momentum

You'll notice within the excel file, that we had to add the Risk-Free rate back to the Market
minus risk-free (Mkt-RF) returns in order to get the market return. Also, you will see that
the Value Portfolios run from July of 1951 through December of 2020, while the

Momentum portfolios run from January of 1927 through December of 2020.

Using the Ken French Data for Value and Momentum, we create the top 10%, top 20%, top

30% and top 50% portfolios as follows:

1. Top 10% -- simply the top Decile on Value or Momentum
2. Top 20% -- an average of the top two (2) deciles on Value or Momentum
3. Top 30% -- an average of the top three (3) deciles on Value or Momentum

4. Top 50% - an average of the top five (5) deciles on Value or Momentum

This was done as the Momentum portfolios only have decile splits, while the data on the
P/E portfolios does include the top 20% and 30%. However, for consistency, we just
average the top N deciles for Value and Momentum. '/ We examine the equal-weight and
value-weight (i.e. market-cap-weight) portfolios. '® Yes, | know that (1) taking the
arithmetic average of the top five market-cap-weighted deciles is not the same as (2)
picking the top 50% of stocks on P/E or Momentum, and then market-cap-weighting. But,

in order to use a publicly available data source, this is the best | can do. 1°

Back to the original question-Does adding more stocks substantially increase the

probability of beating the market?

No.
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And for our second question--Does adding more stocks substantially increase the

probability of beating more concentrated factor portfolios?

No.

Below are the results for Value.
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Section 3 Results--What is the probability of beating the market?

Value Portfolios (Equal-weighted) Probability of Beating the Market:

Value (P/E) Portfolios (Equal-weighted) Probability of beating the Market
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Value Portfolios (Market-cap-weighted) Probability of Beating the Market:

Value (P/E) Portfolios (Market-cap-weighted) Probability of beating the Market
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As shown above, adding more stocks does not substantially increase the reliability, i.e.

the probability of beating the market using the proposed model.

So what about beating the top decile on Value with more diluted value factor portfolios?
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Section 4 Results—-What is the probability of beating the top decile on Value?

Equal-weighted Probability of Beating the Top Decile on Value:

Value (P/E) Portfolios (Equal-weighted) Probability of Beating the Top 10% on Value
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Market-cap-weighted Probability of Beating the Top Decile on Value:

Value (P/E) Portfolios (Market-cap-weighted) Probability of Beating the Top 10% on Value
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Once again we find the same result as in our analysis using our data--concentrated factor

portfolios reliably beat more diversified factor portfolios.

Now we turn to Momentum using Ken French's Data.
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Section 3 Results--What is the probability of beating the market?

Momentum Portfolios (Equal-weighted) Probability of Beating the Market:

Momentum Portfolios (Equal-weighted) Probability of Beating the Market
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Momentum Portfolios (Market-cap-weighted) Probability of Beating the Market:

Momentum Portfolios (Market-cap-weighted) Probability of Beating the Market
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

As shown above, adding more stocks does not substantially increase the reliability, i.e.

the probability of beating the market using the proposed model.

So what about beating the top decile on Momentum?
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Section 4 Results—-What is the probability of beating the top decile on Momentum?

Equal-weighted Probability of Beating the Top Decile on Momentum:

Momentum Portfolios (Equal-weighted) Probability of Beating the Top 10% on Momentum
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.
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Market-cap-weighted Probability of Beating the Top Decile on Momentum:

Momentum Portfolios (Market-cap-weighted) Probability of Beating the Top 10% on Momentum
Data Source: Ken French Data
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The results are hypothetical results and are NOT an indicator of future results and do NOT represent
returns that any investor actually attained. Indexes are unmanaged and do not reflect management or

trading fees, and one cannot invest directly in an index.

Once again we find the same result as in our analysis using our data--concentrated

portfolios reliably beat their more diversified counterparts.

Regardless of whether we use our own factor data or Ken French's factor data, the results

don't change:
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o Concentrated value and momentum factor portfolios reliably beat diluted value

and momentum factor portfolios over time.

Of course, none of this analysis is meant to predict the future since the model used for
long-term returns is simple and past performance does not necessarily imply future

performance.

Notes

1. Please note that in the context of long/short factor investing, which is more focused on Sharpe
optimization and the use of leverage, the discussion is more nuanced. If you are interested in

this topic we recommend starting with research from authors associated with AQR.

2. For other factors, i.e., those more focused on risk-mitigation versus high expected returns, this
may not be the case.

3. This would be like Steve Kerr telling Steph Curry, the best 3-point shooter in the history of the
NBA, that Steph really needs to cut back on his 3-point shots.

4. Of course, models are only approximations of reality, and models can be highly driven by
assumptions.

5. Note, this assumption was confirmed by representatives at DFA, but this isn't clearly stated in
the paper; however, this assumption is implied because the simulations used in the study are
constructed to have similar factor profiles, which essentially implies an assumption of equal

returns. See this article highlighting that characteristics drive stock returns.
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We assume that the growth of wealth of an investment is log-normally distributed (i.e., continuously

compounded returns are normally distributed) with constant parameters, i.e.,

T
l_[(l +R)~InN(u-T,¢%-T).
e=1

It follows that the ratio between the growth of wealth of two investments (denoted as A and B) is also

log-normally distributed with constant parameters:

Ws ME-y(1 + Rs,)

= ~InN ((ug — T (62 +0F —2po.05)- T
W, 3-:1(1"'3‘,;] (Ps Ha) (o5 A PT40p )

Hence, to calculate the probability of investment B outperforming A, we can focus on the wealth
ratio and analytically derive its probability of exceeding one:
Ws 2 z
P(B outperforms 4) = P(F > 1) = P(nN ((ug — pa) - T. (02 + 02 — 2p0,05) - T) = 1)
4

The parameters in the above formula depend on the mean and standard deviation of the simple

returns of investments A and B (denoted as R, and Ry) and their correlation as follows:

1 vollr] \?
. potts:it = In(1+ E[R]) —E]n(l + (&) )

1+ E[R]
e I l+(Voi[R] )2
o Oy, 0.0 = n l+_E[_R]

Corg, g Vol[R4l Vol[Rp]
(1+E[Rs(1 + E[Rg])

« p= In(l + ),fadoa

We obtain estimates from the historical returns of Dimensional US Adjusted Large Cap Equity Index
and Russell 1000 Index (Exhibit 3), as well as simulated portfolios with different diversification levels

(Exhibits 4 and 5), over the sample period from July 1979 to June 2016.
Source

Paper: "How Diversification Impacts the Reliability of Outcomes" by Wei Dai, PhD.
7. Of note, this normally entails holding fewer small-cap stocks.

This is based on prior research on this topic that portfolios with similar characteristics profiles

should deliver similar expected returns. Communications with the authors confirm that
assuming equal returns is appropriate.

9. Using historical data, which is the best we can do.

10. Similar to most academic studies on Value

11. Throughout the analysis we look at total returns which include distributions such as dividends.
All results are gross of any transaction costs.

12. Hence, Value is a "factor".
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13. Given that this factor is Value, the results are similar if we change the rebalance period to 12
months, and either equal-weighted or value-weight the portfolio.

14. Defined here as investing in Lower Beta stocks, without using leverage.

15. We notice that the 50-stock portfolio is 50%, which highlights that if the mean of the lognormal
is 0, one gets a 50/50 chance to win/lose.

16. See this article by Larry

17. Note-if we use the top 20% and 30% directly on Value, the results are similar.
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